Section 16.5

B(f(3.2)) , g(z.2)) , h(z.v))

2 divF = ——~ o o

= 0 so F 1s ncompressible.

For Exercises 23—29, let F(z,y. z) = Pi+ Q1 j+ Rikand G(z,y,2) = P2 i+ Q:j+ Re k.
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Section 16.6

60. (a) Here » = asina, y = |AB|, and = = |OA|. But z
._1B 'S )
|OB|=|OC|+|CB|=b+acosaaﬂdsinﬁ'=ﬁsoﬂlat En)
. . - |OA|
y = |OB|sin@ = (b + acosa)sin§. Similarly cos 8 = |0B|
x = (b+ acos a) cos . Hence a parametric representation for the £ )
z=gsina
torusis x = bcos# +acosa cosf, y = bsinf + acosa sin 8,
z=asina, Where 0 < a < 27,0< 8§ < 27
2 —
z 0 —-10
-10 0 &
0
¥ 10 10
a=350=8

S}

() x =bcosf+acosa cos@,y =bsinfd +-acosa sinf, z = asina,sor, = {—asina cos§, —asina sinf, a cosa},
re = {(—(b+acosa)sind, (b+ acosa)cosf, 0) and
o XTg = {—ab cos c cos f — a’ cos o cos> 9} i+ (—ab sin o cos # — a” sin o cos® H)J
+ (—ab cos” o sin® — a” cos® o sin B cos@ — absin® o sinf — a® sin® & sin® cos 6’) k

= —a(b+acosa)[(cosd cosa)i+ (sinf cosa)j+ (sina)k]

Then |ro X rs| = a(b+ acosa) \/cos? 8 cos? a + sin? @ cos? a +sin? a = a(b+ acosa).

Note: b > a,—1 < cosa < 1so |b+acosa| = b+ acosa. Hence

A(S) = 02'"' :w a(b+ acos a) da df = 27 [aba + o’ sina Eﬂ = 47’ab.
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Section 16.7

47. Let S be a sphere of radius o centered at the origin. Then |r| = a and F(r) = cr/ |r|* = (¢/a®) (zi+yj+2k). A
parametric representation for S 1sr(®,8) = asing cosfi+asingd sinfj+acosaok, 0< o < 7,0 <8 < 27. Then
ry =acosg cosf@i+tacosgsinfj—asingk, re = —asin ¢ sinf i+ asin ¢ cosf j, and the oufward orientation is given

byr, X rg = a’sin® ¢ cos 81+ a® sin® ¢ sin# j + a” sin ¢ cos ¢k The flux of F across S is
ffSF- dS:f(:r n”%(asinm cosfi+asing sinfj+ acosok)
( Zgin® & cusl?i—l—azsinchsinﬁ'j—l—azsincﬁ cos@kj df doy

2

uwsinmdﬁ'dc;'r:-if{c

= ia fl;r uh a’ (5iﬂ3€3'+ sin ¢ cos? a')) dédop = cf;’
a

Thus the flux does not depend on the radius a.
Section 16.8
1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve z* + y* = 4,

z = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the hypotheses of Stokes’
Theorem, so by (3) weknow [[,, curl F-dS = [_F -dr = [[, curl F - dS (where C is the boundary curve).

13. The boundary curve C is the circle =* + y* = 1, z = 1 oriented in the counterclockwise direction as viewed from above.
We can parametrize C' by r{t) = costi+sintj+k 0 < ¢ < 27 and thenr'(¢) = —sinti+ costj. Thus
F(r(t)) =sin® ti+costj+ k F(r(t)) - r'(t) = cos’ t —sin” ¢, and
[oF-dr= [["(cos’t —sin®t)dt = [[" L(1+ cos2t)dt — [ 7(1 — cos® t) sint dt
= %[t-i—%sin%]z“ — [—c05t+ %'::n:.ns3 t]zw =
Now curl F = (1 — 2y) k, and the projection D of S on the xy-plane is the disk z* + 3* < 1, so by Equation 17.7.10
[ET 16.7.10] with = = g(x,y) = =* + y* we have

[[ocurlF-dS = [[ (1 —2y)dA = [}" [} (1 —2rsin6)rdrdf = [7" (1 — 2sin6) do ==

15. The boundary curve C is the circle * + z* = 1, y = 0 oriented in the counterclockwise direction as viewed from the positive
y-axis. Then €' can be described by r(#) = costi—sintk 0 < ¢ < 27, and r'(t) = —sinti— cost k. Thus
F(r(t)) = —sintj+costk F(r(t)) - r' (t) = —cos’t,and § _ F-dr = fugﬁ —cos® tdt = —%t—%sinﬁ]zﬂ = —m.
Now curl F = —i — j — k, and S can be parametrized (see Example 17.6.10 [ET 16.6.10]) by
r(o,8) =sing cosfi+sing sinfj+cosok, 0 <8 <7, 0< ¢ < 7. Then
ry X rg =sin® ¢ cos @i+ sin® ¢ sin8 j + sin & ecos o k and

[[scurlF-dS= [[ curlF-(ry xre)dA= [ [[(—sin® ¢ cos8 — sin® & sin 6 — sin & cos ¢) df do>
FEERES |

= [[(—2sin® ¢ — 7sin ¢ cos @) do = [% BiDQG)—ﬁl—%Sillz{.‘)];—: —7
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16. Let 5 be the surface in the plane » 4+ y 4+ = = 1 with upward orientation enclosed by C'. Then an upward unit normal vector
for Sism= %(i+j+k].0ﬂent0inthe counterclockwise direction, as viewed from above. fczdx—2zdy+3ydzis
equivalent to [_ F - dr for F(x, y, z) = zi— 2x j + 3y k, and the components of F are polynomials, which have confinuous
partial derivatives throughout R?. We have curl F = 3i + j — 2k, so by Stokes’ Theorem,

Jozde —2xdy+3ydz= [ F-dr= [[_curlF-ndS =[], (3i+j—2k}-;1,5(i+j+k] ds
= = [[; dS = = (surface area of 5)

Thusihevalueuffczdx—2xdy+3ydzisalwaysTff;timesthem‘eaoftheregionenclosedbyc,regardlessufttsshapeor
location. [Notice that because n 1s normal to a plane, 1t 1s constant. But curl F is also constant, so the dot product curl F - n1s
constant and we could have simply argued that [[_ curl F - ndS5 1s a constant multple of [[_ d5, the surface area of 5 ]

19. Assume 5 is centered at the origin with radius « and let Hy and H> be the upper and lower hemispheres, respectively, of 5.
ThenffscurlF -dS = fle curl F - dS +fng curl F - dS = fch- dr-|—§cz F - dr by Stokes’ Theorem. But C} is the

circle =% + 3% = o? oriented in the counterclockwise direction while C5 is the same circle oriented in the clockwise direction.
Hence § F-dr=—§_ F-drso [[, curlF-dS = 0 as desired.

Section 16.9
23, Since X — ri+yj+=zk andi x - (2 + 4 + %) — 327
. les T (2 + 22)3/2 Az \ (z2 +y2+22)3/2 ) (z? + 42 + 22)5/2

with sinular expressions

d y a z
for B_y((:c’ + 42 +Zz}3}z) and e ((_rz + 2 —1—22}31'2)’ we have

djv(i) _ 3"+ +27) =3+ +27)
[’ (a2 +3? +22)""

= 0, except at (0, 0, 0) where it is undefined.

24. Wefirstneed to find Fso that [[ F-ndS = [[ (2z + 2y +2")dS,soF -n =2z + 2y + 2*. Butfor 5,

no Sityitek o i4sk ThusF—2i+2j+:kanddivF = 1.

LR T

EB={(zyz2) |z +y"+2> <1}, then [[.(2x + 2y +2%)dS = [[[dV = V(B) = 2x(1)° = ir.
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