Harmonic 1-forms on Conv: M3 closed orient. hyperbolic
hyperbolic 3-manifolds:

connections and

_ Conj [Bergeron-Venkatesh, Lé, Liick]
computations

For a tower of congruence covers
M=My—Mq—My—Ms3—Mg—--

where M is arithmetic and
Nathan M. Dunfield injM,, — 0o, one has:
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Ray-Singer analytic torsion:

dimN

Y (~1)F-k-log det'(Ay))

T(N)_z k=0

[Cheeger-Miiller] For N3, 7 is:
log(tor(N))—log(vol(N))+2log(R(N))

where tor(N) = |H1(N; Z)tor| and

RY(N) = vol (Hl(’\’? R)/Hl(N;Z))

and the volume form comes from
I - ll.2 on HY(N;R).

[Bergeron-Sengun-Venkatesh 2016]

Suppose M, is a tower of cong.
covers of M with injM,, — oco.

Conj 1: Whether or not M is arith:
7(Mp)/vol(Mp) — 1(2)([|-I]3) = 6l.

T

Conj 2: When M is cong. arith
R1(M,) <vol(M,)¢ where C = C(M).

If both hold, then PESxM)) . L
BS 3
[Brock-D] 3 M, — H"> with all

[Brock-D] 3 M, with vol(M,) — oo,
inj(M,) =e>0 and RY(M) = Co'(M)
forsome C>1.



Harmonic norm:
(a,ﬁ>:f a A for a, e QL (M).
M

¢ € H1(M;R) has a unique harmonic
rep. minimizing |al;2 = v{a, a).

So HY(M;R) = ker(A1) inherits | - ;2.
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The Poincaré dual a of a has ||all;2 = 1.37052.




The Poincaré dual g of b has | 8]|,. = 0.74239




0.18771
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Input: Dirichlet domain D for M
with face pairings in Isom*(H?) and
Ce Cz(D;Z).

Output: Approx for the harmonic
a dual to [c].

Method of particular solutions
[Moler-Payne 1968; Betcke-Trefethen 2005;
Barnett 2009; Strohmaier-Uski 2013]

Idea: Have @ =7~ !(a) = df on H3.
Expand about the center of D in a
basis ®,,, for harmonic functions:

00 '
f=) Y am®m
(=1m=—¢

Truncate (¢ <L) and use matching
conditions on 0D to solve for a;m,.

[D-Hirani] If f on H3 is harm, then

JE(F)

H&—df

, 52(1+ 5
L*(D) Al(M)

where E(f) measures the failure of
df to be equivariant.



Sample: 24,735 mflds with b1 = 1; vol € [3.1,24.6] and inj € [0.15,0.89].
Computed [|¢|,. for a gen ¢ of H1(M;Z) using £ <50 (2600 terms).

Ex: M=m160(3,1)=Map(S; :aabCDE) has vol(M) ~ 3.16633332124 and
|¢|,2 = 3.646480936437 and 7(M) ~ 2.5335632022.




[Brock-D 2017; BSV 2016]
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[X. Han 2020] ———| - lltn <l - ll,2 and generalized both to finite-vol.

vol(N)



